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The unitarity of the matrix U

(t) follows from the nor-
malization of j 

(t)i. By substituting Eq. (2) into (1),


























The formal solution may be expressed as

























) + : : : ; (4)







































through which U (t) is expressed as





















Suppose the path (t) is a loop (t) in M such that
(0) = (T ) = 
0
. Then it is found after traversing 

















i. The unitary matrix
U












is called the holonomy associated with the loop (t).
Note that U

is independent of the parameterization of
the path but only depends upon its geometric image in
M.






(M) = f : [0; T ]!Mj(0) = (T ) = 
0
g: (9)







has a group structure [13] and is called the holonomy
group. It is clear that Hol(A)  U (g). The connection
A is called irreducible when Hol(A) = U (g).
III. THREE-STATE MODEL AND
QUANTUM-GATE CONSTRUCTION
A. One-qubit gates
To make things tractable, we employ a simple model
Hamiltonian called the three-state model as the basic
building block for our strategy. This is a 3-dimensional













The rst column (row) of the matrix refers to the auxil-
iary state j2i with the energy  > 0 while the second and
the third columns (rows) refer to the vectors j0i and j1i,
respectively, with vanishing energy. The qubit consists
of the last two vectors.
The control manifold of the Hamiltonian (11) is the
complex projective space CP
2
. This is seen most di-
rectly as follows: The most general form of the iso-













2 U (3). Note, however,
that not all the elements of U (3) are independent. It is
clear that H

is independent of the overall phase of W

,
which reduces the number of degrees of freedom from
U (3) to U (3)=U (1) = SU (3). Moreover, any element of






















































































] = 0. This further reduces










contains six parameters while S
5
is





. This parameter is easily found out by writing





and not on individual parameters.









. Furthermore, after this redenition we nd that the






























































above correspondence, i.e. the embedding of CP
2
into











The connection coeÆcients are easily calculated in the



























































































where the rst column (row) refers to j0i while the second
one refers to j1i. Using these connection coeÆcients, it is

































Now our task is to nd a loop that yields a given unitary
matrix as its holonomy.
B. Two-qubit gates























are three-state Hamiltonians and I
3
is the
3  3 unit matrix. Generalization to an arbitrary N -
qubit system is obvious. The Hamiltonian scales as 3
N
,
instead of the 2
N
in the present model. It is also pos-
sible to consider a model with g-degenerate eigenstates
with one auxiliary state having nite energy. This model,
however, has a diÆculty in realizing an entangled state,
without which the full computational power of a quan-
tum computer is impossible.
We want to maintain the multipartite structure of the
system in constructing the holonomy. For this purpose,
we separate the unitary transformation into a product











which cannot be reduced into
a tensor product of single-qubit transformations. There-
































The advantage of expressing the unitary matrix in this
form is easily veried when we write down the connection
coeÆcients for the one-qubit coordinates. Namely, the





























































denotes a one-qubit coordinate.




depending on the physical realization of the present sce-
nario. To keep our analysis as concrete as possible, we





















































































































































































































be a two-qubit Hamiltonian before W





































































































































































































































0 0 0 0
0 0 0 0
0 0 0 0














where the columns and rows are ordered with respect
to the basis fj00i; j01i; j10i; j11ig. It should be apparent
from the above analysis that we can construct an arbi-




; )- or (
2
b
; )-space. Accordingly, this gives the
CNOT gate with one-qubit operations, as shown below.
C. Some Examples
Before we proceed to present the numerical prescrip-
tion to construct arbitrary one- and two-qubit gates in
the next section, it is instructive to rst work out some
important examples whose loop can be constructed an-
alytically. In particular, we will show that all the gates
required for the proof of universality may be obtained
within the present three-state model.










By inspecting the connection coeÆcients in Eqs. (13-16),





) : (0; 0)! (=2; 0)! (=2; =8)
! (0; =8)! (0; 0): (24)





)-plane and that all the other parameters are xed








































































































) : (0; 0)! (=2; 0)! (=2; )
! (0; )! (0; 0) (27)
is exp(i
y







) : (0; 0; 0)! (=2; 0; 0)! (=2; =2; 0)
! (=2; =2; )! (=2; 0; )
! (0; 0; )! (0; 0; 0) (28)
is exp(i
z
). Here again, the rest of the parameters are
xed at zero. Finally, we construct the phase-shift gate
5FIG. 1: Objective function landscape in 2D.
e
iÆ
, which is produced by a sequence of two loops. First






) : (0; 0)! (=2; 0)! (=2; Æ)
! (0; Æ)! (0; 0): (29)

















(0; 0; 0; 0)! (0; 0; =2; 0)! (0; 0; =2; Æ)
! (0; 0; 0; Æ)! (0; 0; 0; 0)! (=2; 0; 0; 0)
! (=2; Æ; 0; 0)! (0; Æ; 0; 0)! (0; 0; 0; 0): (30)
Finally, the controlled-phase gate U () =




; ) : (0; 0)! (=2; 0)! (=2;)
! (0;)! (0; 0): (31)
IV. NUMERICAL METHOD
Now we adopt a systematic approach to actually con-
structing arbitrary quantum gates. This is the rst time
that arbitrary one- and two-qubit gates are constructed
in a three-state model that is in a way the simplest
possible realization for HQC while still maintaining the
tensor-product structure necessary for exponential speed-
up. It has not been shown previously how to construct
the CNOT, let alone the two-qubit Fourier transform in
a single loop. Hence, we resort to numerical methods.
Since it is extremely diÆcult to see which single loop re-
sults in a given unitary operator, our approach will be
that of variational calculus.
We convert the inverse problem, i.e. which loop cor-
responds to a given unitary operator, to an optimization
problem. The problem of nding the unitary operator for









begin 0 0 0 0
1 -5.28 2.04 0.18 -0.40
2 -0.44 1.49 -0.08 3.70
3 -0.70 -0.27 -0.11 2.59
end 0 0 0 0
TABLE I: Loop of Fig. 2 numerically.
of the holonomy loop xed, we let the midpoints vary.
Owing to the 2-periodicity, the loops can end either in
the origin or at any point that is modulo 2.
The space of all possible loops is denoted by V. We
shall restrict the variational task to the space of polyg-
onal paths V
k
, where k is the number of vertices in the
path excluding the basepoint. Naturally, we have V
k
 V
such that we are not guaranteed to nd the best possible
solution among all the loops, but provided that we use
a good optimization method, we may expect to nd the
best solution in the limited space V
k
. Since the dimension
of the variational space increases with k, one is forced to
use as low a k as possible. For instance, for one-qubit
gates the dimension is 4k. In the case of two-qubit gates
the dimension is 9k. Low k appears to be desirable for
experimental reasons as well.









is minimized over all  2 V
k
. We naturally hope the min-
imum value to be zero. Here k  k
F
is the so-called Frobe-







could employ the well-known conjugate-gradient method
to solve the task at hand but this method, or any other
derivative-based method, is not expected to perform well
in the present problem due to the complicated structure
of the objective function. Hence we will use the robust
polytope algorithm [14].
We have plotted a sample 2D section of the optimiza-
tion space in Fig. 1. The axes represent two orthogonal
directions in the optimization space of a certain two-qubit
gate. The x-axis was obtained by interpolating between
two known minima, whereas the y-axis was chosen ran-
domly. One can readily verify from the gure that the
optimization task is indeed extremely hard.
The calculation of the holonomy requires evaluating
the ordered product in Eq. (8). The method used in
the numerical algorithm is to simply write the ordered
product in a nite-dierence approximation by consider-
ing the connection components as being constant over a


























Throughout the study we used 200 discretization points
per edge, i.e., n = 200 (k + 1).








































FIG. 2: Loop in parameter space that gives the Hadamard
gate.




























































First we attempted to nd a loop that yields the
Hadamard gate.Using a random initial conguration, we
obtained the results that are plotted in Fig. 2. The error
function f() had a value smaller than 10
 8
at the nu-
merical optimum.The plot represents all the possible pro-
jections on two perpendicular axes (the horizontal axis
is always 
1
) in the four-dimensional space. Note that
this optimization was carried out in V
3
, meaning that
there are three vertices other than the reference point.
The results do not take advantage of the 2 periodic-
ity. We have also included the data points in Table I. It
is impressive that such a simple control loop yields the
gate. Furthermore, this is just one implementation of
the Hadamard gate. It is possible to nd many dierent
ones.
Another example of one-qubit gates is given in
Fig. 3 and in Table II. The gate that we tried





















. Again, the error was
well below 10
 8
at the optimum. We argue that our









begin 0 0 0 0
1 -2.03 1.31 0.80 -1.16
2 1.21 1.18 -2.35 0.57
3 2.54 0.66 -0.49 0.96
end 0 0 0 0
TABLE II: Loop of Fig. 3 numerically.




























































































































and the error is below 10
 13
.
results are not very enlightening as such, but should nev-
ertheless clearly prove the strength of the technique.
We also found several implementations for two-qubit





duces the CNOT. We observe, however, that again the
minimization resulted in an accurate solution. The min-
imization landscape is just as rough in the case of two
qubits. Now, of course, the dimension of V
3
is 24.
We also found an implementation of the SWAP gate
given in Fig. 5.
Finally, it is interesting to observe that even the two-
qubit quantum Fourier transform can be performed eas-
ily. The resulting loop is presented in Fig. 6. It is re-
markable that such a simple single loop yields a two-qubit
quantum Fourier transform. We used only three vertices
but were still able to nd an acceptable solution. We ar-
gue that the error can be made arbitrarily small for any
two-qubit gate.







































































































FIG. 5: Loop in parameter space which realizes the SWAP
gate. Here the error is below 10
 13
. In this case the varia-




The realization of arbitrary one- and two-qubit gates
in the context of holonomic quantum computation has
been demonstrated. By restricting the loops in the con-
trol manifold within a polygon with k vertices, it be-
comes possible to cast the realization problem to a nite-
dimensional variational problem. We have shown explic-
itly that some useful two-qubit gates are realized by a
single loop.
A possible improvement of the present scenario would
be to minimize the length of the path realizing a given
gate. This can be carried out by introducing an appro-
priate penalty or barrier function and the Fubini-Study
metric in the control manifold CP
2
. This optimization
program is under progress and will be reported elsewhere.
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